We theoretically investigate the strange phenomenon of attraction between the cavity mode and the exciton mode that has been experimentally observed in a photonic crystal cavity. Our results within the Lindblad master equation approach successfully explain why the apparent cavity-to-exciton spectral shifting occurs, and how this phenomenon is a manifestation of a dynamical phase transition in the system. Moreover, our findings are in good qualitative agreement with pioneer experimental results as well as support the hypothesis that an intermediate coupling regime exists in the cavity quantum electrodynamics. In fact, this new quantum regime exhibits phenomenology from both weak and strong coupling regimes simultaneously.
Introduction
Within the framework of the cavity quantum electrodynamics (cQED), an extensive experimental and theoretical efforts have been achieved resulting in the unequivocal proof of the existence of the weak and strong coupling regime [1, 2] . Thus, significant progress has been made in the characterization of the role played by the different quantum regimes as well as of its applications. For example, the weak coupling regime has been harnessed for fabricating organic light-emitting devices (OLEDs) [3, 4] and the generation of entangled photons for optical quantum computing [5] . In the case of the strong coupling regime, it has been useful for designing and realization of single photon emitters [6, 7] and promising devices based on solid-state quantum systems with a high scalability for quantum computation [8] . With the current state of technology, it is possible to achieve a control of these quantum regimes where applications in quantum plasmonics and metamaterials are expected [9] , as well as in photonic nanostructures for developing physical platforms for the quantum information science [10] . All this promising technology is based on our understanding of the fundamental physics laws that govern the light-matter interaction in a domain close enough to the resonance. Despite the success achieved by the cQED, and more precisely for describing the underlying physics of quantum dots (QDs) coupled to semiconductor cavities, many fundamental questions remain open when the off-resonant QD-cavity coupling is considered. In fact, an amazing as well as inexplicable spectral shifting (cavity-to-exciton attraction) of the cavity mode toward to the exciton mode has been observed experimentally by Tawara et al. [11] . This pioneer work has suggested the existence of a new intermediate coupling regime which remains almost unexplored up to date. This interesting quantum regime could give rise to new technological developments. More recently, experiments involving a single QD as well as biexcitons embedded in a micropillar cavity have confirmed that this phenomenon is real and not a mere experimental artifact [12] . Surprisingly and despite of the active research in cQED systems, this quantum phenomenon has not yet attracted much attention as was done by another off-resonance phenomenon in cQED [13] . Consequently, there are a very few theoretical works devoted to explain the origin of this intriguing phenomenon which has been attributed to the effects due to the pure dephasing or phononic mechanisms that mainly participate to the cavity feeding [14] . In this paper, we explain clearly the attraction phenomenon that has been reported experimentally, and moreover how this new quantum regime can be identified with a dynamical phase transition in the system [15] . This paper is organized as follows. In Section 2, we present the theoretical model for describing a quantum dot-cavity system together with a description of the cavity-to-exciton attraction phenomenon through the full Lindblad master equation approach. Additionally, in this section we present a simplified model based on the Lindblad master equation approach without gain for understanding the relationship between the dynamical phase transition and this unexpected quantum phenomenon. Finally, the conclusions are summarized in Section 3.
Theoretical background and discussion

Description based on full Lindblad master equation approach.
In order to elucidate the strange attraction phenomenon observed experimentally in a planar photonic-crystal cavity (PhCC) with an embedded single QD, we take advantage of the well-known Jaynes-Cummings (JC) Hamiltonian, which reads ( = 1),Ĥ = ω xσ †σ + ω câ †â + g(â †σ +âσ † ) with g the light-matter interaction constant between the cavity mode and the QD. Additionally,â andσ = |0 1| are the annihilation and lowering operators for the cavity mode and the QD, respectively. Notice that the lowering operator acts from the excited state |1 to the ground state |0 , moreover the detuning between the QD and the cavity mode is defined as ∆ = ω x − ω c . Here ω x and ω c are the frequencies associated to the QD and the cavity mode, respectively. Besides, we incorporate the influence of the environment by considering the irreversible processes of leakage of photons from the cavity at rate κ, the spontaneous emission γ x , the incoherent QD pumping P x and a phonon-mediated QD-cavity coupling P θ through the Lindblad master equation
The Lindblad superoperator LX is defined for an arbitrary operatorX as LX(ρ) = 2XρX † − X †Xρ −ρX †X . It is worth mentioning that the last term that appears in this master equation together with an additional incoherent decay term (γ θ /2)Lσ †â have been proposed by Majumdar et al. [16] , as a model for describing phonon-mediated off-resonant QD-cavity coupling. In fact, the term associated with a decay rate P θ is being included above into the master equation as a process that corresponds to the creation of a cavity photon together with the collapse of the QD to its ground state. Additionally, this decay process is the most important for observing cavity emission under resonant excitation of the QD as first pointed out in the seminal paper by Majumdar. It is interesting to note that in a previous experimental work on a single QD coupled to a PhCC under resonant excitation, a simple phonon dephasing model was investigated and suggested that this theoretical approach could be useful for describing the off-resonant QD-cavity interaction [17, 18] . The other incoherent process given by the Lindblad term (γ θ /2)Lσ †â that describes the annihilation of a cavity photon with one excitation of the QD can be safely neglected for our purposes, since this process is strongly attenuated when the QD on average remains excited as is the case when a system is operating under the conditions P x > γ x ∼ 0. We have confirmed that the presence of this term with a small decay rate γ θ do not affect qualitatively our findings. It is noteworthy that the decay rate P θ corresponds to a mechanism that depends on the temperature, but differs qualitatively from the pure dephasing model owing to the fact that the presence of cavity photons affects the QD linewidth. In fact, this mechanism produces an inherent asymmetry between absorption and emission rates of phonons in the system, and it can be well described by assuming that P θ behaves like an S-shaped curve. It is,
withP θ , A, B and T parameters that incorporates the whole effect of many-body effects as the electron-phonon interaction, the spectral density and the mean number phonons of the environment, as well as any other possible process related to the influence of the temperature. This particular dependence on the temperature for the decay rate P θ is a conceivable hypothesis, since a recent experimental work in electrically tunable single QD nanocavities revealed that the temperature dependence of the pure dephasing rate changes similarly to an S-shaped curve. It is, the pure dephasing rate does not vary for low temperatures, but increases rapidly for higher temperatures. Additionally, it was concluded that the temperature dependence on the dephasing rate is an evidence for decoherence mediated by coupling to acoustic phonons [19] . The temperature dependence for P θ given by the Eq. (2) is a phenomenological proposal that could be tested experimentally and do not affects the main results of this paper. Moreover, we have considered the temperature explicitly instead of the detuning, since the thermal dependence of the frequencies in PhCC with embedded QDs is incorporated through the refractive index [20] and the Varshni model [21, 22] . More precisely, ω c (T ) = ω c (0)/(1 + aT ) and ω x (T ) = E g (0) − αT 2 /(T + β). In particular, we have chosen the parameters ω c (0) = 1043.27meV , a = 0.852 × 10 −5 K −1 , E g (0) = 1044.5 meV , α = 0.7 meV K −1 and β = 590 K for comparison purposes with the experimental setup used by Tawara et al. in Ref. [11] . In what follows, we are interested in the emission properties of the system, and therefore we compute the photoluminescence spectrum (PL) based on the quantum regression formula (QRF) [23] . Formally, it corresponds to compute
where the quantity â † (τ )â(0) is the two-time correlation function of the cavity field. In Fig. 1(a) the emission spectra under low pumping regime P x /(κ + γ x ) < 1 is shown as a function of the temperature where the two emission peaks are labeled as (C) and (X), respectively. This identification is done only for comparison purposes with the reference mentioned above. However, this issue is more fundamental than has been pointed by the authors and it deserves special attention since there are fundamental physics behind it. We will go back to this issue when discussing the effect of phonon-mediated coupling over the optical transitions of the system. The Fig. 1(b) shows the spectral peak positions as a function of the temperature, where the peak C presents a blueshift confirming the attraction phenomenon from cavity mode toward the exciton mode.
Description based on Lindblad master equation approach without gain.
While the master equation approach given by the Eq. (1) shows a good qualitative agreement with the experimental results reported in Fig. 2 (a)-(b) from Ref. [11] , it is difficult to achieve manageable dynamical equations for extracting quantitative information on the fundamental physics related with the phonon-mediated coupling, and the role played by the phonons in the cavity-to-exciton attraction phenomenon. Therefore, we consider a simplified as well as accurate master equation given by dρ/dt = −i[K,ρ ]+P θ Lσâ †(ρ )/2 ≡ Lρ where the losses are incorporated in an effective manner withK =Ĥ − iγ xσ †σ /2 − iκâ †â /2 and P x = 0. A remarkable aspect of this master equation, is that it accounts for the same fundamental physics as the Eq. (1) and the number of excitationN exc =â †â +σ †σ commutes withĤ. Moreover, the eigenvalues ofĤ defines the rungs in the JC ladder. Interestingly enough, [Lσâ †,N exc ] = 0 implies that the Liouvillian L can be partitioned into subspaces that can be written in terms of 4 × 4 matrices. As an immediate consequence of this, the nth subspace that describes one-photon transitions reads
and it becomes accompanied with the eigenvalue problem L n,n−1 U n,n−1 = λ n,n−1 U n,n−1 , where λ n,n−1 and U n,n−1 denotes their eigenvalues and eigenvectors, respectively. We used a shorthand notation for Ω n = g √ n and Z = −nP θ + 4i∆ (and Z * denoting its complex conjugate). Also λ n,n−1 has been used for identifying four distinct eigenvalues, namely λ n,n−1 , λ n,n−1 , λ n,n−1 and λ n,n−1 . This theoretical approach has been introduced in the past for finding solutions of Lindblad master equations without gain [24] . A detailed analysis on the spectral peak positions ω n,n−1 = Im[λ n,n−1 ] and the linewidths Γ n,n−1 = Re[λ n,n−1 ] of the nth subspace, states that two of the four optical transitions reinforces the background emission as a consequence of the effect of P θ , whereas the eigenvalues λ n,n−1 are related with transitions that significantly contributes to the emission spectrum of the system. For a temperature range of 0 − 15K (region I), it can be assumed that P θ takes a negligible value (P θ /P θ 0.1) and the off-resonance coupling will not plays an important role in the dynamics. Hence, the emission properties of the system will corresponds to the well-known JC model. While P θ increases (0.1 P θ /P θ 0.8) in a temperature range of 15 − 33K (region II), it will cause a selective broadening in the linewidths Γ n,n−1 on each subspace, it being stronger for higher rungs of the JC ladder. Interestingly, the effect induced by P θ is completely different when it pass a certain critical value P θ /P θ 0.8 (region III, for temperatures greater than 33K), and all the linewidths Γ n,n−1 will have almost the same value. This phenomenology on the linewidths Γ n,n−1 as a function of the temperature is shown in Fig. 2(a) . It is illustrated for the particular case of Γ 1,0 (Γ 1,0 ) with solid green (thick red) line, and also for Γ 2,1 (Γ 2,1 ) with dot-dashed blue (dashed black) line, respectively. Notice that the region I, II and III mentioned above are depicted as dark-gray, white and light-gray stripes, respectively. In Fig. 2(b) the spectral peak positions ω n,n−1 corresponding to n = 1, 2 are shown and the same color convention as panel (a) has been used. Interestingly enough is the region III, where signatures of strong and weak coupling regimes are evidenced simultaneously in the system. In fact, an anticrossing between the lower and upper polariton of the first rung is observed. Besides, at the resonant frequency an emission peak at ω 0 appears as known in the weak coupling regime. A remarkable aspect of this emission peak is that it exhibits a blueshift toward the QD resonance while the temperature changes, and this spectral shifting is governed by all spectral peak positions ω n,n−1 , except for n = 1. The inset of Fig. 2(b) shows few particular cases n = 2, 3, 4 with blue dot-dashed, gray dashed and solid gray line, respectively. This emission peak corresponds to a resonance state [25] of small width which is induced by the phonon reservoir. More precisely, this collective state is created as the result of the successive overlapping of the singlet that begins to arise once the eigenvalues λ n,n−1 approach each other at a critical value P (n) θ or so-called exceptional point (EP). This phenomenology is typical of a dynamical phase transition (DPT) in the system [26] , whose characteristic is the coexistence of both the strong and weak coupling regimes in cQED. It was recently reported as an explanation to the unexpected off-resonance cavity mode emission [15] . The distribution of the EPs whereas the detuning has been changed closely at resonance frequency is shown in Fig. 2(c) . Each curvedline depicts the set of P (n) θ for a particular subspace and the color-code specifies the spectral position that each singlet has when it begins to contribute to the resonance state. Each P (n) θ defines an straight line (dashed horizontal line) that is tangent to only one curved-line when ∆ = 0, it implies that the resonance state is formed by the contribution of a singlet from each subspace at frequency ω 0 , thus a resonance trapped state is reached [27] . Under off-resonant condition ∆ = 0 all the P (n) θ shift to lower values and it implies that the resonance state is now formed by a singlet from each subspace at frequencies close to ω 0 , i.e. this resonance state is being red-shifted or blue-shifted respect to the crossover energy. To understand the emission properties of the system during the DPT, we turn our attention to the expansion coefficients C Fig. 2(d) for n = 1, 2, 3, 4. It can be seen that for P θ < P (2) θ all the optical transitions of the system corresponds to the linear JC model, since these coefficients are practically constant as the case P θ = 0. When P θ > P
(1) θ all the rungs (each subspace) of the JC ladder contributes with a singlet, such that its coefficients collectively behaves as C 1,1 n,n−1 ∼ 0 and C 0,0 n,n−1 ∼ 1. It indicates that the phonon-mediated coupling is decoupling the QD-cavity system with the QD conditioned to be in its ground state, together with the complete formation of the resonance state. This state has emission properties similar to a QD-Cavity system in the weak coupling regime with cavity pumping and without excitonic pumping. When the phonon-mediated coupling is in the range P (2) θ < P θ < P (1) θ , the emission properties of the system will be characterized by the presence of the Rabi splitting of the first rung (lower than 2g), as a remainder of the strong coupling regime, and a singlet that clearly blueshift toward the exciton resonance. This blueshift is an immediate consequence of the DPT in the system, where characteristics of strong and weak coupling regimes are shared simultaneously. This phenomenology can be coined as the quantum intermediate coupling regime in agreement with the hypothesis of Tawara's work. Finally, we discuss the relevance of our findings for understanding why the identification of the peaks with labels C, X used by Tawara et al. and also introduced by us for comparison purposes in Fig. 1 is wrong. The emission peak C and X cannot be associated with the bared cavity and the QD, since the system do not operates in a genuine weak coupling regime. Instead of this, the system is in an intermediate quantum regime where the apparent crossing observed is the result of the formation of a resonance state. Hence, the emission peak C corresponds to a collective emission from all rungs in the JC ladder near to the cavity frequency and the emission peak X is due to optical transitions from the two polaritons of the first rung. While theoretically the pronounced spectral shifting in the experimental measurements is well-accounted, additional information from the experimental side is required to confirm the phenomenology described here. We have good reasons to believe that new experimental results addressed on the linewidths could display similar changes in the linewidths as shown in Fig. 3 . It will be expected an inversion on the linewidths (broadening-narrowing) far off-resonance, together with a significant broadening on the linewidth of the peak labeled C when the system is close to the resonance. 
Conclusions
The quantum phenomenon reported experimentally by Tawara et al. and known as the strange cavity-to-exciton attraction has been successfully explained in this investigation. Within the framework of a Lindblad master equation approach, we have obtained accurate and comprehensive results demonstrating that the phonon-mediated coupling originates the cavity mode attraction toward the exciton mode, moreover this phenomenology is related with a dynamical phase transition in the system. In fact, in this quantum domain the system does not strictly operate in weak or strong coupling regime, but in an intermediate coupling regime which is characterized by the emission properties of the linear JC model together with the formation of a resonance state close to the cavity frequency.
